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Abstract. We show that well known structures on Lie algebroids can be 
viewed as Nijenhuis tensors or pairs of compatible tensors on Courant alge- 
broids. We study compatibility and construct hierarchies of these structures. 



Introduction 

Pairs of tensor fields on manifolds, which are compatible in a certain sense, 
were studied by Magri and Morosi [12], in view of their application to intcgrablc 
hamiltonian systems. Besides Poisson-Nijenhuis manifolds - manifolds equipped 
with a Poisson bivector and a Nijenhuis (1, l)-tensor which are compatible in such 
a way that it is possible to define a hierarchy of Poisson-Nijenhuis structures on 
these manifolds, the work of Magri and Morosi also covers the study of UN and 
Ptt structures. These are pairs of tensors formed respectively, by a closed 2-form 
and a Nijenhuis tensor (UN) and a Poisson bivector and a closed 2-form (PO) 
satisfying suitable compatibility conditions. Another type of structure that can be 
considered on a manifold is a Hitchin pair. It is a pair formed by a symplectic form 
and a (1, l)-tensor that was introduced by Crainic [5] in relation with generalized 
complex geometry. All these structures, defined by pairs of tensors, were studied in 
the Lie algebroid setting by Kosmann-Schwarzbach and Rubtsov [11] and by one of 
the authors [2]. Finally, we mention complementary forms on Lie algebroids, which 
were defined by Vaisman [17] and also considered in [11] and [2], and that can be 
viewed as Poisson structures on the dual Lie algebroid. 

The aim of the present paper is to show that all the structures referred above, 
although they have different nature on Lie algebroids, once carried to Courant 
algebroids, are all of the same type: they are Nijenhuis tensors. We obtain, in this 
way, a unified theory of Nijenhuis structures on Courant algebroids. In order to 
include Poisson quasi-Nijenhuis structures with background in this unified Nijenhuis 
theory, we consider a stronger version of this notion, which we call exact Poisson 
quasi-Nijenhuis structure with background. This seems to be the natural definition, 
at least in this context. 

We show that the structures defined by pairs of tensors on a Lie algebroid can 
also be characterized using the notion of compatible pair of tensors on a Courant 
algebroid, introduced in [3]. 

An important tool in this work is the Nijenhuis concomitant of two (1, l)-tensors 
on a Courant algebroid. It was originally defined for manifolds in [7] and then ex- 
tended to the Courant algebroid framework in [15] and in [3]. We use the Nijenhuis 
concomitant to study the compatibility of structures from the usual point of view, 
i.e., saying that two structures of the same type are compatible if their sum is still a 
structure of the same type. Thus, we can talk about compatible Poisson-Nijenhuis, 
flN and Pfl structures, as well as compatible complementary forms and compatible 
Hitchin pairs. 

The extension to Lie algebroids of the Magri-Morosi hierarchies of Poisson- 
Nijenhuis structures on manifolds, was done in [10]. As it happens in the case of 
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manifolds, the hierarchies on Lie algebroids are constructed through deformations 
by Nijenhuis tensors. In this paper we construct similar hierarchies of CIN and Pf2 
structures on Lie algebroids, and their deformations, and also hierarchies of com- 
plementary forms. Elements of these hierarchies provide examples of compatible 
structures in the sense described above. 

Our computations widely use the big bracket - the Poisson bracket induced by 
the symplectic structure on the algebra of functions on the cotangent bundle of a 
supermanifold. Since the supergeometry is not familiar to many readers we include, 
in section 1, a brief review of Lie algebroids and Courant algebroids in supergeo- 
metric terms. The Courant algebroids that we shall consider in this paper are 
doubles (A© A*,Q) of protobialgebroids structures on (A, A*) [8], in the simpler 
cases where O is a function that determines a Lie algebroid structure on A, or on 
A* , sometimes in the presence of a background (a closed 3- form on A). 

The paper is divided into three sections. In section 1, after a short review of 
Courant and Lie algebroids in the supergeometry framework, we recall the notion 
of Nijenhuis tensor on a Courant algebroid and of Nijenhuis concomitant of two 
tensors. In section 2 we characterize Poisson bivectors and closed 2-forms on a 
Lie algebroid (A, fi) as Nijenhuis tensors on the Courant algebroid (A © A*,/i). 
We show how Poisson-Nijenhuis, UN and Pfl structures and also Hitchin pairs 
on a Lie algebroid (A, /i) can be seen either as Nijenhuis tensors or compatible 
pairs of tensors on the Courant algebroid (A © A* , fi). The case of complementary 
forms is also treated. Considering the Courant algebroid with background (A © 
A* , fi + H) , we see exact Poisson quasi-Nijenhuis structures with background as 
Nijenhuis tensors on this Courant algebroid, recovering a result in [1]. For Poisson 
quasi-Nijenhuis structures (without background) a special case where two 3-forms 
involved are exact is also considered. The last part of section 2 is devoted to the 
compatibility of structures on a Lie algebroid, defined by pairs of tensors. Section 
3 treats the problem of defining hierarchies of structures on Lie algebroids. We 
start by showing that when a pair of tensors defines a certain structure on a Lie 
algebroid, the same pair of tensors defines the same structure for a whole hierarchy 
of deformed Lie algebroids. Then, we construct hierarchies of structures defined by 
pairs of tensors and lastly we show that within one hierarchy, all the elements are 
pairwise compatible. 

We recall that if one relaxes the Jacobi identity in the definition of a Lie (re- 
spectively, Courant) algebroid we obtain what is called a pre-Lie (respectively, 
pre- Courant) algebroid. The statement of most of our results don't use the Ja- 
cobi identity of the bracket, either if it is a Lie or a Courant algebroid bracket. 
Therefore, they also hold in the more general settings of pre-Lie and pre-Courant 
algebroids, respectively. 



1. Preliminaries 

1.1. Courant and Lie algebroids in supergeometric terms. We begin this 
section by introducing the supergeometric setting, following the same approach as 
in [18, 14, 13]. Given a vector bundle A — > M. we denote by A[n] the graded 
manifold obtained by shifting the fibre degree by n. The graded manifold T*[2]A[1] 
is equipped with a canonical symplectic structure which induces a Poisson bracket 
on its algebra of functions T := C 00 (T*[2] J 4[1]). This Poisson bracket is sometimes 
called the big bracket (see [8]). 

Let us describe locally this Poisson algebra. Fix local coordinates Xi,p z ,^ a ,6 a , 
i G {1, ...,n},o 6 {l,...,d}, in T*[2]A[1], where Xi,£ a are local coordinates on 
A[l] and p l , 8 a are their associated moment coordinates. In these local coordinates, 
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the Poisson bracket is given by 

{p\ Xi} = {8 a , £a} = 1, i = 1, • • • , n, a = 1, . . . , d, 

while all the remaining brackets vanish. 

The Poisson algebra of functions JF is endowed with a (No x No)-valued bidegree. 
We define this bidegree locally but it is well defined globally (see [18, 14] for more 
details). The bidegrees are locally set as follows: the coordinates on the base 
manifold M, Xi, i <G {1, ...,n}, have bidegree (0,0), while the coordinates on 
the fibres, £ OJ a e {1, ...,d}, have bidegree (0,1) and their associated moment 
coordinates, p 1 and 8 a , have bidegrees (1,1) and (1,0), respectively. The algebra 
of functions T inherits this bidegree and we set 

(k,l)eN xN 

where T ' is the set of functions of bidegree (fc, /). The total degree of a function 
/ 6 T k > 1 is equal to k + I and the subset of functions of total degree t is noted J 7 '. 
We can verify that the big bracket has bidegree (—1,-1), i.e., 

and consequently, its total degree is —2. Thus, the big bracket on functions of lowest 
degrees, {J 70 , J 70 } and {J 70 , J 71 }, vanish. For X, y e T l = T(A®A*), {X, y} is an 
element of J 70 = C°°(M) and is given by 

{x,y} = (x,y), 

where (., .} is the canonical fiberwise symmetric bilinear form on A © A*. 

Let us recall that a Courant structure on a vector bundle E — > M equipped with 
a fibrcwise non-degenerate symmetric bilinear form (., .) is a pair (p, [.,.]), where 
the anchor p is a bundle map from E to TM and the Dorfman bracket [., .] is a 
R-bilincar (non necessarily skew-symmetric) assignment on T(E) satisfying 

(1) p(X).(Y,Z) = ([X,YIZ} + (Y,[X,Z]), 

(2) p(X)-(Y,Z) = {X,[Y,Z] + [Z,Y}), 

(3) [X,[Y,Z}}^[[X,Y},Z} + [Y,[X,Z}}, 

for all X, Y, Z e T(E). From (1) and (2), we get [8] 

[X,fY]=f[X,Y] + (p(X).f)Y, 

for all X,Y e T(E) and / e C°°(M). 

In this paper we are only interested on exact Courant algebroids. Although 
many of the properties and results we recall next hold in the general case, we shall 
be concentrated in the case where the vector bundle E is the Whitney sum of a 
vector bundle A and its dual, i.e., E — A © A* , and (., .) is the canonical fiberwise 
symmetric bilinear form. So, from now on, all the Courant structures will be defined 
on (A ©A*, (.,.)). 

From [13] we know that there is a one-to-one correspondence between Courant 
structures on (A ©A*, (.,.)) and functions £ J 73 such that {6,6} = 0. The 
anchor and Dorfman bracket associated to a given 8 e J 73 are defined, for all 
X,ye T(A © A*) and / e C°°(M), by 

p(X)-f = {{X,e}J} and [x,y] = {{x,e},y}. 

For the sake of simplicity, we will denote a Courant algebroid by the pair {A® A* , O) 
instead of the triple (A © A*, (.,.), 6). 
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A Courant structure 8 6 J- 3 can be decomposed according to its bidegrees: 

(4) e = fi + 7 + (j) + -0, 

with n G J" 1 ' 2 , 7 G J" 2 '\</> e J" - 3 = T(A 3 A*) and V G -T 73 * = r(A 3 A). We recall 
from [18] that, when 7 = tfi = ip = 0, is a Courant structure on A © A* if and 
only if (A, xx) is a Lie algebroid. The anchor and the bracket of the Lie algebroid 
are defined, respectively by 

p(X)-f = {{X, f x},f} and [X,Y] tl = {{X,n},Y}, 

for all 1,7 6 r(A) and / 6 C°°(M), while the Lie algebroid differential is given 
by 

df, = {/x, .}. 

A function <G J 73 given by (4) with <j> = ij) = is a Courant structure on Affi^l* 
if and only if ((A, /x), (A*, 7)) is a Lie bialgebroid [18]. 

1.2. Nijenhuis concomitant of two tensors. Let (AffiA*,0) be a Courant 
algebroid and / a vector bundle endomorphism of A © A* , / : A © A* — > A © A* . If 
(Iu, v) + (u, Iv) = 0, for all u, v G A © A* , I is said to be skew- symmetric. Vector 
bundle endomorphisms of A © A* will be seen as (1, 1) -tensors on A © A*. 

The deformation of the Dorfman bracket [., .] by a (1, l)-tensor / : A © A* — > 
A® A* is the bracket [.,.]/ defined, for all X, y G T(A © A*), by 

[x, y] T = [ix, y] + [x, iy] - i[x, y}. 

When / is skew-symmetric, the deformed structure (p o J, [., .]/) is given, in 
supergeometric terms, by 0/ := {/, 0} £ J-" 3 . The deformation of 0/ by the skew- 
symmetric (1, 1) -tensor J is denoted by 0/,j, i.e., 0/,,/ = {J, {1,0}}, while the 
deformed Dorfman bracket associated to 0/.,/ is denoted by [., .]j,j. 

Recall that a vector bundle endomorphism / : A © A* —> A © A* is a Nijenhuis 
tensor on the Courant algebroid (A ® A* , 0) if its torsion vanishes. The torsion 
T&I is given, for all X,y G T(A © A*), by 

r e i(x,y) = [ix, iy] - i[x, y]j 

or, equivalently, by 

(5) T e i(x,y) = \{[x,y\ u - [x,y\ n ), 

where I 2 = I o I. When I 2 = A id,A®A* , for some A G R, (5) is given, in supergeo- 
metric terms, by 

(6) Tel= \(O u -XO) 
(see [6]). 

The notion of Nijenhuis concomitant of two tensor fields of type (1,1) on a 
manifold was introduced in [7]. In the case of (1, l)-tensors / and J on a Courant 
algebroid (A © A* , 0), the Nijenhuis concomitant of / and J is the map J\f®(I, J) : 
T(A © A*) x T(A © A*) -> T(A © A*) (in general not a tensor) defined, for all 
sections X and ^ of A © ^4*, as follows: 

No(i,J)(x,y) = [ix,jy]-i[x,jy}-j[ix,y] + ioj[x,y] 

(7) +[Jx,iy] - j[x,iy]-i[jx,y] + jai[x,y\, 

where [., .] is the Dorfman bracket corresponding to 0. Equivalently, 

(8) Af@(i,j)(x,y) = ^([x,y] ItJ + [x,y], u - [x,y] IOJ - [x,y] JOI ). 
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Notice that 

(9) M @ (I,I) = 2TeI 
while if I and J anti-commute, i.e., I o J = — Jo/, then 

(10) Afe(i, J)(x, y) = \([x, y\i,j + [x, y] JtI ). 

For any (1, l)-tensors / and J on (A © A* , O), we have [3] 

(11) T@{I + J) = TeI + r@J + Me{I,J). 

The concomitant Cq(I,J) of two skew-symmetric (1, l)-tensors / and J on a 
Courant algebroid ( A © A* , 0) is given by [3] : 

(12) C e (I,J) = Qi,j + Qj,i. 

If (p, [., .]) is the Courant structure on A® A* corresponding to 8, (12) reads as 
follows: 

(13) {{x,c @ (i,j)},y} = [x,y\i,j + [x,y\j,i 

and 

{{X, C e (I, J)}, f} = (p°{I°J + J° I))(X).f, 
for all X, y £ T(A © A*) and / E C°°(M). Denoting the left hand side of (13) by 
C 9 (I,J)(X,y), i.e., writing C e (I,J)(X,y) = [X,y) ItJ + [X,y]j tI , and combining 
(10) and (12), we find that, in the case where / and J anti-commute, A/"e(^ 7 J) is 
given by 

(14) Af @ (I,J)(X,y) = ±C & (I,J)(X,y), 
for all X,y 6 T(A © A*). 

The notion of Nijenhuis concomitant of two (1, l)-tensors on a Lie algebroid can 
also be considered. If (A, p) is a Lie algebroid and /, J are (1, 1) -tensors on A, 
Affj,(I,J) is given by (7) or (8), adapted in the obvious way. Equations (9), (10) 
and (14) also hold in the Lie algebroid case. 

As in the case of Courant algebroids, for a Lie algebroid (A, p), we use the 
following notation: pj = {/, p}, if / is either a bivector, a 2-form or a (1, l)-tcnsor 
on A. 

2. Nijenhuis and pairs of compatible tensors on Courant algebroids 

2.1. Tensors on Lie algebroids. Let (A,p) be a Lie algebroid and consider a 
(1, l)-tcnsor N, a bivector it and a 2-form uj on A. Associated with N, id := id,A, 
7r and u, we consider the skew-symmetric (1, l)-tensors on A® A* , J/v, J,^, J w and 
Jtt given, in matrix form, respectively by 

( N \ f id 

'^N n at* I ' "id 



-N* J ' V -id' 

Ju, = ( ° b o J and 4=([ 

Next, we use these (1, l)-tensors on A © A* to express the properties of N being 
Nijenhuis, it Poisson and ui closed on the Lie algebroid (A,p). 

Proposition 2.1 ([9]). Let N be a (l,l)-tensor on (A, p) such that N 2 = XidA, 
for some Ael. Then, N is a Nijenhuis tensor on the Lie algebroid (A, p) if and 
only if Jn is a Nijenhuis tensor on the Courant algebroid (A © A* , p) . 
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Proof. The assumption iV 2 = \id,A is equivalent to (Jn) 2 = Aid^eA*- In this case, 
the torsion of Jjy on (A © A* , fx) is given by (6), with = fx, and coincides with 
the torsion of N on (A, /i). □ 



Let 1^ be the (1, l)-tensor on A © A* , defined by 

Ilj Juj ~\~ J id - 



id 

J -id* 

Proposition 2.2. The 2-form uj is closed on (A, fi) if and only if I u is a Nijenhuis 
tensor on the Courant algebroid (A © A*, fx). 



Proof. First, observe that 7 2 = idA@A*- According to (6), we have 
1 
2 



7~IJ.lv = n (W + id , {u + id, pi}} - fl) 



= \ (W, {id, a4I + {id, {u, A*}} + {id, {id, fi}} - fx) 
= 2{w,/i}, 

where we used, in the last equality, the formula 

{id,u} = (q-p)u, 

for all u 6 J"^ [11]. Thus, w is closed if and only if %I U =0. □ 

Recall that a bivector field 7r on A is a Poisson tensor on (A, fx) if = 
{7r, {7r,/^}} = or, equivalently, [7r, 7r]^ = 0. 

Proposition 2.3 ([•>]). TTie bivector n is a Poisson tensor on (A, fx) «/ cmd cm??/ if 
J n is a Nijenhuis tensor on the Courant algebroid (A © A*, fx). 

Proof. Just notice that J 2 = and, from (6), we get T^J^ = \{n, {K,fx}}. D 

Notice that the (1, l)-tensors and anti-commutc. Thus, from (14), we 
have 

2A/" M (J 7r , Jid) = £^(71-, id) = {7T, {id, fi}} + /«}} = Mtt - Mir = 0. 

Denoting by the (1, l)-tensor on A © A* defined by 



I tv Jtt ~t~ Jid — 



-id* 



and taking into account the fact that 

Af^I^U) = A/" M (J W , J*) + 2JV" M ( J w , J id ) +J\f fJ ,(Jid, Jid) = ^(Jtt, Jn), 
Proposition 2.3 admits the following equivalent formulation: 

Proposition 2.4. TTie bivector n is a Poisson tensor on (A, fi) if and only if 1^ is 
a Nijenhuis tensor on the Courant algebroid (A© A*,fx). 

2.2. Pairs of tensors on Lie algebroids. In [3] we introduced a notion of com- 
patibility for a pair of anti-commuting (1, l)-tensors on a Courant algebroid. 

Definition 2.5 ([•!]). A pair (I, J) of skew-symmctric (1, l)-tcnsors on a Courant 
algebroid with Courant structure is said to be a compatible pair, if I and J 
anti-commute and C®(I, J) = 0. 

In this section we show that well known structures defined by pairs of tensors 
on a Lie algebroid (A, fx), can be seen either as compatible pairs, or as Nijenhuis 
tensors on the Courant algebroid (A © A* , fx) . 
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Let {A,/j,) be a Lie algebroid. Recall that a pair (ir,N), where it is a bivector 
and TV is a (1, l)-tensor on A is a Poisson-Nijenhuis structure (PA structure, for 
short) on (A, fx) if 

(15) [7T,7r] M = 0, %N = 0, Nott*=tt*oN* and C m (tt,JV)=0. 

A pair (w, A) formed by a 2-form uj and a (1, l)-tcnsor A on A is an OA structure 
on (A, /i) if 

(16) d ll uj = Q, 7^A = 0, w b oA = A*oa; b and d M (wjv) = 0, 

where u>n(., .) = w(A., .) or, equivalcntly, u;^ = cl^ o A. 

A pair (ro, A) formed by a 2-form w and a (1, l)-tcnsor A on A is a Hitchin pair 
on (A, /i) if 

(17) ro is symplcctic 1 , tu b o A = A* o and d M (tujv) = 0. 

A pair (rr, u>) formed by a bivector it and a 2-form cj on A is a PO structure on 
(AM) if 

(18) ki^h = 0) = ancl d[i(uj N ) = 0, 



O CJ 



where A is the (1, l)-tensor on ^4 defined by N = tt# 

Let us denote by [., .]+ the anti-commutator of two skew-symmetric tensors I 
and J, i.e., 

[I,J]+ = IoJ + JoI. 

Proposition 2.6. Let (A, ft) &e a Lie algebroid, A a Nijenhuis (1, l)-tensor and uj 
a closed 2-form on (A,[m). Then, the pair (lj,N) is an OA structure on [A, fx) if 
and only if (J u , Jn) is a compatible pair on (A © A* , fi). 

Proof. We start by noticing that [J u , Jjv]+ = ( \> A r ^ at* t> n I > so tnat ^ 

V cj 1 V — I\ uj u y 

and Jat anti-commute if and only if uj 9 ' N = A*uA 

Taking into account the fact that uj is closed, we have 

C^,J N ) = {uj,{N,fi}} + {N, { W , M }} = {uj,{N,fx}} = {{uj,N}, f x} = 2{ f x,uj N }, 

where in the last equality wc used u>n = 5 {A, uj}. Thus, the 2-form ujn is closed if 
and only if C^J^, Jn) = 0. □ 

In the case where A 2 = XidA, for some A £ R, we have the following character- 
ization of an OA structure. 

Theorem 2.7. Let (A, fx) be a Lie algebroid, uj a closed 2-form on (A, fi) and A a 
(1, l)-tensor on A such that A 2 = XidA, for some A 6 R. Then, the pair (ui, A) is 
an OA structure on (A, fi) if and only if J^ + Jn is a Nijenhuis tensor on {A® A* , fx) 
and [J u , Jn}+ = 0. 

Proof. We know from Proposition 2.1 that if A 2 = XidA, for some A S R, then 
7^A = <^> T^Jn = 0. Moreover, 7^J U = for any 2-form w (see [3]). Now, using 
(11), we have 

T^J^ + Jn) = TfiJu +Nh{J u ,Jn) + 7~hJn 
= ■A/^Jw, Jn) + Tfi Jn 
and, by counting the bi-degrees, we have that T^(Ju) + Jn) = is equivalent to 
(19) M fi (J u ,,J N ) = and T„J N = 0. 



symplectic form on a Lie algebroid is a closed 2-form which is non-degenerate (at each 

point). 



8 



P. ANTUNES AND J.M. NUNES DA COSTA 



Because and Jn anti-commute, we have that 7V M ( J u , Jn) = ^C^J^, Jn)- Thus, 
(19) means that lun is closed (see the proof of Proposition 2.6) and TV is Nijenhuis, 
respectively. □ 

For Hitchin pairs we may establish the following: 

Proposition 2.8. Let (A, fi) be a Lie algebroid, N a (1, \)-tensor on (A, [i) and w 

a symplectic form on (A,fi). Then, the pair (zu,N) is a Hitchin pair on (A, fi) if 
and only if (J ro , Jn) *s a compatible pair on (A © A*, ji). 

Remark 2.9. There is no analogue of Theorem 2.7 for Hitchin pairs. Nevertheless, 
in [5], the author proves that if w is a non-degenerate 2-form, with inverse tt, and 
TV is a (1, l)-tensor on A, the pair (hj,N) is a Hitchin pair on (A, /i) if and only if 
J a + Jn + Jtr is a Nijenhuis tensor on (A © A*, /i) and ( J a + Jn + J-k) 2 = —idA®A* , 
where a = —m — vo o N 2 . 

In the case of PN structures, we have: 

Proposition 2.10. Let (A, /i) be a Lie algebroid, N a Nijenhuis (l,l)-tensor on 
(A, pi) and tt a Poisson bivector on (A,fi). Then, the pair (tt,N) is a Poisson- 
Nijenhuis structure on (A, fi) if and only if ( J^, Jn) is a compatible pair on (A 
A*,n). 

( Ntt* — tt*N* \ 
Proof. Notice that [J-k,Jn] + = ( g g ) , so that J n and Jn anti- 

commute if and only if Ntt* = tt*N* . Also, we have C^J^, Jn) — C^tt, N). □ 

When iV 2 = MJa, for some A E K, we recover a result from [9], which is a 
characterization of Poisson-Nijenhuis structures. 

Theorem 2.11. Let (A, fi) be a Lie algebroid, tt a bivector on A and N a (1, 1)- 

tensor on A such that N 2 = XidA, for some A E M. Then, the pair (tt,N) is a 
Poisson-Nijenhuis structure on (A, fx) if and only if J^ + Jn is a Nijenhuis tensor 
on (A © ^4*, /j.) and [J T , J N }+ = 0. 

Proof. Using (11) we have, 

7^( Jtt + Jn) = T fl J 7I + Mfj,(J n , Jn) + T^Jn 

and, by counting the bi-degrees, we get that the condition T^{J-k + Jn) = is 
equivalent to 

% Jn = 0, A/^Jtt, Jn) = and %Jn = 0. 

From Proposition 2.3, (14) and Proposition 2.1, the above equations mean that tt 
is a Poisson bivector, C^(tt,N) = and N is Nijenhuis, respectively. □ 

Remark 2.12. In [3] we showed that, given a bivector 7r and a (1, l)-tensor N on A 
such that N 2 = XidA, for some A E K, then (tt,N) is a PN structure on (A, /i) if 
and only if (J„, Jn) is a Poisson-Nijenhuis pair on (A © A*,fj). 

For Pf2 structures, we have the following: 



Proposition 2.13. Let (A, fi) be a Lie algebroid, tt a Poisson bivector on (A, pi) and 
uj a closed 2-form on (A, /i). Consider the (1, 1) -tensor N on A defined by N = tt*o 

TT* O J° 

-J° o tt* 

Then, the pair {tt,uj) is a PVL structure on (A, pi) if and only if {J u ,Jn) is a 
compatible pair on (A © A*, fx). 



uj b , and the corresponding (1, 1) -tensor on A® A* , Jn 
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Proof. It is easy to see that J w and Jn anti-commute. The 2-form uj being closed 
we have, taking into account the fact that Jn = {uj,tt}, 

(20) C M (J W , J N ) = C„(w,{w,7r}) = {{uj, {u, tt}}, ^} = -2{u N ,n}. 

So, the 2-form cjjv is closed if and only if C^J^, Jn) = 0. □ 

2.3. Exact Poisson quasi-Nijenhuis structures (with background). Let (A, fi) 

be a Lie algebroid, H a closed 3-form on (A, fj,) and consider the Courant algebroid 
with background, (A © A*, \i + H). 

Poisson quasi-Nijenhuis structures with background on Lie algebroids were in- 
troduced in [1]. We recall that a Poisson quasi-Nijenhuis structure with background 
on (A, n) is a quadruple (tt, N, <j>, H), where tt is a bivector, N is a (1, l)-tensor and 
4> and H are closed 3-forms such that N o tt* = tt* o N* and 

• 7r is Poisson, 

• C^{-K,N){a,P) = 2H (tt* (a), n* (/?),.), for all a,(3e T(A*), 

• %N(X,Y) = Tr#(H(NX,Y,.)+H(X,NY,.) + <j>(X,Y,.)), for all X,Y e 

im 

• d» N <t> = d^H, 

with H(X,Y,Z) =Qx,y,z H{NX,NY,Z), for all X,Y,Z G r(A), where Ox,y,z 
means sum after circular permutation onX, y and Z . 

In the case where the 3-form <f> is exact, we introduce the following definition. 

Definition 2.14. An exact Poisson quasi-Nijenhuis structure with background on 
a Lie algebroid (A, fi) is a quadruple (tt,N,uj,H), where 7r is a bivector, N is a 
(1, l)-tensor, a; is a 2-form and H is a closed 3-form such that TV o tt* = tt* o TV*, 
w b o N = N* o cj b and 

• tt is Poisson, 

• C , |t (7r,J\0(a lJ 8) = 2H(7T*(a),ir*(0),.), for all a,/3 G r(A*), 

• %N(X,Y) = n*(H(NX,Y, .) + H(X, NY, .) + d^X,^ .)), foraUX.Y G 

r(A), 

• irydftUj — d^cjpf = H — XH . 2 

Since dfj, N = in ° d^ — d^ o i N , it is obvious that if (tt, N,tv, H) is an exact 
Poisson quasi-Nijenhuis structure with background on (A,fx), then (tt, N, d^uj, H) 
is a Poisson quasi-Nijenhuis structure with background on (A, (m). 

In [1] it is proved that if J N + J n + J u is a Nijenhuis tensor on (A © A* , /j, + H) 
and satisfies (Jn + J n + J w ) 2 = XidA<$A*, with A G { — 1,0, 1}, then the quadruple 
(tt, N, d^oj, H) is a Poisson quasi-Nijenhuis structure with background on (A, fi). 3 
It is easy to see that the same result holds for any A £ M. It is worth to notice 
that (Jn + Jn + J^) 2 = AiG?yi©A*, A G R, is equivalent to the three conditions: 
Nott* = tt* o N*, to b oN = N* ouj b and N 2 + TT*ouj b = Xid A - Using the notion of 
exact Poisson quasi-Nijenhuis structure with background, we deduce the following 
(see the proof of Theorem 2.5 in [1]): 

Theorem 2.15. Let (A, fi) be a Lie algebroid, tt a bivector, u> a 2-form, H a closed 
3-form and N a (1, 1) -tensor on A such that N o tt* = tt* o N* , uj b o N = N* o uj b 
and N 2 + tt* ouj b = XidA, for some X G K. Then, Jn + Jtt + Jlu is a Nijenhuis tensor 
on the Courant algebroid (A © A* , \i + H) if and only if the quadruple (tt, N, uj, H) 
is an exact Poisson quasi-Nijenhuis structure with background on (A, /z) . 



2 If ij is a 3-form on A, i N n{X,Y,Z) = r)(NX,Y,Z) + r){X,NY,Z) + n(X,Y,NZ), for all 
X, Y,Z G T(A). 

3 The quadruple considered in [1] is (tt, N, — d^uj, H) and should be (it, N, d^u), H). 
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A Poisson quasi-Nijenhuis structure on a Lie algebroid (A, fi) is a Poisson quasi- 
Nijenhuis structure with background, with H = 0. This notion was introduced, on 
manifolds, in [16] and then extended to Lie algebroids in [4]. If H = in Definition 
2.14, we get the notion of an exact Poisson quasi-Nijenhuis structure. In this case, 
besides d^u), the 3-form i^d^u} is also exact. 

Next, we consider H = and a special case where the assumption iV 2 + 7r#ou; b = 
XidA, A e R, in Theorem 2.15 is substituted by N 2 = XidA, A G R. 

Theorem 2.16. Let (A, fi) be a Lie algebroid, tt a bivector, u> a 2-form and N a 
(1, l)-tensor on A such that N o tt# = tx* o N* , uj b o N = N* o u b and N 2 = \ id A , 
for some A G R. If Jn + J-k + Ju is a Nijenhuis tensor on the Courant algebroid 
(A® A*,/ij, then the triple (tt,N,uj) is an exact Poisson quasi-Nijenhuis structure 
on (A,n). 

Proof. We compute, 

J N + J-rr + J u , Jn + J-k + Ju) = A/" m (Jjv, Jn) + 2A/" M (Jjv, Jn) + 2A^(Jat, J u ) 

+N' fl (J n , Jir) + 2Af IJ ,{J n , Ju) + Af^Ju, J u ) 
= Af„(J N , Jn) + 2AA AI (J 7r , J u ) + Mtt.x + C M (ir, N) + 2Af fl (J N , J u ) 

and, by counting the bi-degrees, we obtain that A/" m (Jjv + J-K + J u , Jn + Jw + Ju) = 
if and only if 

i) AVtt = 0, 

ii) C^n,N) = 0, 

iii) A^(J W , J N ) = -2A r M (J 7r , J u ), 

iv) AT^Jn, Ju) = 0. 

Applying both members of iii) to any X + 0, Y + G T(^4 © A*), we get 

%N{X, Y) + = -N^h, J U )(X + 0, Y + 0) 
which gives, using (7), 

(21) %N(X,Y) = 7r#(d^(X,Y,.)). 

Using again (7) we compute, for any X + a, Y + (5 G T(A © A*), 

M„(Jn, J u )(X + a, Y + P) = (0, i N d^(X, Y, .) — d^ N (X, Y, .)). 

Thus, 

A/" m (Jjv, Ju) = ^ iNd^UJ = d^UN- 

□ 

Now, assume that {ix, N, uj) is an exact Poisson quasi-Nijenhuis structure on 
a Lie algebroid (A,fx), with N 2 = XidA, for some A G R. Then, we have that 
%N(X,Y) = ir#(d^uj(X,Y, .)), X, Y G T(A) and, using the formula [9] 

(%J N (X + a,Y + p),Z + n) = {%N{X, Y), rf) + {%N{Y, Z), a) + {%N(Z, X), f3), 

for all X + a, Y + (3, Z + n G T(A © A*), we obtain 

%J N {X + a,Y + /3)= Ti*{d^{X, Y, .)) + d^(Y, n*{a), .) - d^(X, n*(p), .). 

On the other hand, from (7), we get 

A/' /i (J 7r , J U )(X + a,Y + /3)) = -TT#(d^(X, Y, .)) - d^(Y, 7r # (a), .) + d M w(X, ir#(f3), .) 

-C x (oJ b o tt # (/?)) + J o tt*(Cx(3) + i Y d{uj v o ir*(a)) - oj b o 7r # (i y da). 
So, as a kind of converse of Theorem 2.16, we have the following: 
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Proposition 2.17. Let (jr,N,u>) be an exact Poisson quasi- Nijenhuis structure on 
a Lie algebroid {A, (i) with N 2 = \ id,A, for some A £ K. // 

(22) J o tt*{CxP) - C x (oJ b o tt # (/?)) = u b o ir*(i Y da) - i Y d{d> o ir*{a)), 

for all X, Y 6 T(A) and a, /3 € r(A*), i/ien J/v + J OT + J w is a Nijenhuis tensor on 
the Courant algebroid (A(B A*,(i). 

Notice that in the case where ui b o 7r# = k idA* , for some k G R, the condition 

(22) is trivially satisfied. 

2.4. Complementary forms of Poisson bivectors. Let it be a Poisson bivector 
on a Lie algebroid (A, /x). Recall [17] that a 2-form ui is said to be a complementary 
form of 7r on (A, /i) if 

(23) [w,w] M]r =0. 

It is well known that, when 7r is a Poisson bivector on a Lie algebroid (A, (i), the 
pair (A*, (in) is a Lie algebroid and therefore (A* ® A,(j, n ) is a Courant algebroid. 

The next proposition, which is a dual version of Propostion 2.3, characterizes 
complementary forms as Nijenhuis tensors on (A* ® A, (i^). 

Proposition 2.18. Let us be a 2-form and u a Poisson bivector on a Lie algebroid 
{A, (i) . Then, ui is a complementary form of it if and only if J u is a Nijenhuis 
tensor on the Courant algebroid (A* ®A,(j,„). 

2.5. Compatibility of structures defined by pairs of tensors on Lie alge- 
broids. Usually, two geometric objects of the same type are said to be compatible 
if their sum is still an object of the same type. In the same spirit, we introduce the 
next definition. 

Definition 2.19. Two PN (respectively, UN, PCI) structures on a Lie algebroid 
(A, (jl) are said to be compatible if their sum is still a PN (respectively, VlN , PSY) 
structure on (A,(i). Also, two Hitchin pairs on {A, (i) are said to be compatible if 
their sum is still a Hitchin pair on (A, (i) . 

Next, we show that the compatibility of these structures on a Lie algebroid 
(A, (jl) can be established using the corresponding associated tensors on the Courant 
algebroid {A® A*,(i). 

Proposition 2.20. Let (w, N) and (u/, N') be two UN structures on a Lie algebroid 
(A,(i). Then, (oj,N) and (uj',N') are compatible if and only if Af^(N, N') = 0, 
NfiiJu, Jn') + A/" M (J W ', Jjy) = and [J u , J N >] + + [J u >,Jn]+ = 0. 

Proof. We have, 

[J u+U >, Jn+N'}+ =0 & {uj + uj r ) b °{N + N') = (N + N r )*o(u J + u J ') b 
<=> co b oN' + (uj') b o N = (N'Y o J + N* o (u/) b 

^ [Ju: Jn'}+ + [Ju'i Jn\+ = 0. 

Since N and N' are Nijenhuis, M^,{N,N') = is equivalent to N + N' being 
Nijenhuis (see (11)). 

Using the bilinearity of A/" M and Proposition 2.6, we have 

NuiJu+u' , Jn+n') = A/ M (Ja,, Jn') +A^(J W 'j Jn) 
and so Af^(J u+U ',JN+N') = if and only if A/" M (J W , Jjv) + A/"^(J W ' , Jn) = 0. □ 
As a consequence of the previous proposition, we have: 
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Corollary 2.21. Let (u),N) and (uj',N') be two compatible QN structures on 
(A, /J,). Then, (u,N') is an QN structure if and only if (a/, N) is an QN struc- 
ture. When one of the pairs, (a;, N') or (u)',N), is an QN structure, the four QN 
structures (lj,N), (a/, A'), (w,A') and (uj' , N) are pairwise compatible. 

Proof. The QN structures (co,N) and (ui',N') being compatible, 

(24) J o N' + {uj'f o N = N'* o J + N* o {Jf 

holds. So, if (lj, N') (respectively, (a/, N)) is an QN structure, then uj b o N' = 
N'*ooj b (respectively, (oj'foN = N*o(oj') b ) and (24) implies (uj'foN = A*o(u/) b 
(respectively, w b o N' = N'* o cj b ). 

From Proposition 2.20, we haveA/^( J u , Jn')+^^{Ju' , Jn) = 0. Applying Propo- 
sition 2.6, the first statement is proved. The second statement is obvious. □ 

Adapting the proof of Proposition 2.20, we may establish the following for 
Hitchin pairs: 

Proposition 2.22. Let (m, N) and (m 1 , N') be two Hitchin pairs on a Lie algebroid 
(A, fi) such thatw + w' is non-degenerate. Then, (w,N) and (m',N') are compat- 
ible if and only if A/^(J ro , Jjv<) + A/" Al (J CT ' , Jn) = and [J ro , Jn>}+ + [J ra ' ; Jn}+ = 0. 

Notice that if 7r# o (w') b = — (7r')# o vj b , where n and n' are the inverses of w 
and w' , respectively, then the sum w + vo' is non-degenerate. 

Proposition 2.23. Let (tt, N) and (tt' , N') be two PN structures on a Lie algebroid 
(A,[a). Then, (ir,N) and (tt',N') are compatible if and only if Af^(N, N') = 0. 
A/" M (J 7r , J-*') = 0, Af^Jn, Jn>) +J^^{J-k',Jn) = and [J„, Jn'}+ + [J v ',Jn}+ = 0. 

Proof. We have A/" M ( J^, J^) = ^ [ir, 7r'] M = 0, which means that tt+tt' is a Poisson 
bivector on (^4, fi). As wc already noticed, Af^N, N') — is equivalent to N + N' 
being a Nijenhuis tensor on (A,fx). The condition [«/„., Jn']+ + [Jtt' , Jn]+ = means 
that Jn+N' anti-commutcs with J n + n ', so that A/"^( J w , Jjv) + A/" M ( J n > , Jn) = is 
equivalent to C^n + n', N + N') =0. □ 

As in the case of the QN structures, we have the following: 

Corollary 2.24. Let (ir,N) and (ir',N') be two compatible PN structures on 
(A,[a). Then, (tv,N') is a PN structure if and only if (jr',N) is a PN struc- 
ture. When one of the pairs, (tt,N') or (tt',N), is a PN structure, the four PN 
structures (tt,N), (tt',N'), (tt,N') and (tt',N) are pairwise compatible. 

Next, we consider the compatibility of PQ structures. 

Proposition 2.25. Let (tt.uj) and (tt' ,lo') be two PQ structures on a Lie algebroid 
(A, /j,) such that tt# o ((jj'Y = -~(tt')^ ou° . Then, (tt,ui) and (it' ,uj') are compatible if 
and only i/A/' M (J 7r , J^) = and C^(J^, Jn') + C^J^' , Jn) = 0. where N = tt# ouj b 
and N'= (tt') # o (w') b . 

Proof. From the assumption tt# o (ui') b = — (7r')# ° w b , we get 

(tt + tt') # o(lu + Uj'f = N + N' 

and also 

(cj + uj'f o(N + N') = (N + N')* o (u + uj' f, 

which is equivalent to [Juj+uj' , Jn+n']+ = 0. Now, applying Proposition 2.13, we 
have 

Cfj,(Ju+u', Jn+n') = C^Ju, Jn>) + C^J^, Jn) 
and the proof is complete. □ 
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Corollary 2.26. Let (tt,lj) and (tt' ,u>') be two Pfi structures on a Lie algebroid 
(A, (j,) such that tt* o (uj') b = —(tt')* o u> b . Assume that (tt,uj) and (tt',uj') are 
compatible. Then, (tt,uj') is a Pf2 structure if and only if (tt' ,uj) is a Pfl structure. 
When one of the pairs, (tt, uj') or (tt' , uj), is a PD, structure, the four Ptt structures 
(tt,uj), (tt',uj'), (tt,uj') and (tt' ,u>) are pairwise compatible. 

Proof. Let us set N — tt* o (uj') b = — (tt 1 )* o (uj) b and, as before, N = tt* o uj b 
and N' = (tt')* o (uj') b . According to the previous proposition, C^(J U , Jjv<) + 
Cfj,(Ju', Jn) = or, equivalently, 

(25) {^,{N',lu} + {N,lu'}} = 
holds. If (tt,uj') is a Pil structure, then 

U 'n = W x#o( u ')» = U ' ° n# ° ( W ') b = W)* {Wf = -UJ N < 

is closed. From (25), we get that ui' N is closed and since tu' N = — uj^,^# ou t, , the pair 
(tt',oj) is a Pfi structure. Conversely, if (tt',uj) is a PQ structure so is (ir,u)'). 

For the second part, notice that the four pairs (tt,uj), (ir',L)'), (tt,ui') and (tt',uj) 
being Ptt structures, the 2-forms 

(26) u>n, Wjy/, uj'^ = —LUpfr, cjjy = ui' N are closed. 

Also, because the Pf2 structures (vr, u>) and (tt 1 , uj') are compatible, we have A/^ (</„•, J n ' 
0. 

We prove (the other cases are similar): 

i) (jr, uj) and (tt, uj') are compatible; 

ii) (tt, uj) and (tt ,uj) are compatible; 
hi) (tt,lo') and (tt',uj) arc compatible. 

Case i): We have tt* o (oj + w') b = N + N and by (26), the 2-form (uj + w')jv+iv 
is closed. 

Case ii): In this case, (tt + tt')* o uj = N — N and by (26), the 2-form ui N _fj is 
closed. 

Case hi): We have (tt + tt 1 )* o (uj + ui'f = N + N' and by (26), the 2-form 
(uj + uj')n + n> is closed. □ 

There are several interesting relations between the structures on Lie algebroids 
considered so far. Some of them will be useful in the sequel [2], [11]: 

Proposition 2.27. Let tt and uj be, respectively, a Poisson bivector and a 2-form 
on a Lie algebroid (A, fi) and consider the (1, l)-tensor N = tt* o uj" . 

(i) If (tt,uj) is a Pf2 structure on (A,fi), then (tt,N) is a PN structure on 

(Am)- 

(ii) If (tt,uj) is a Pfl structure on (A,[i), then (u),N) is an QN structure on 

(Am)- 

(Hi) The pair (tt,uj) is a Pfl structure on (A, /i) if and only if uj is a closed 
complementary form of tt on (A,fj,). 

Under the conditions of Corollary 2.26 we have, from Proposition 2.27, that the 
pairs 

• (oj,N), (uj',N), (uj,N') and (oj',N) are ftN structures on (A, /i); 

• (tt, N), (tt',N), (tt,N') and (tt',N) are PN structures on (A,^). 



Now, we treat the compatibility of complementary forms on (A, [i). Let tt be 
a Poisson bivector on a Lie algebroid (A, pi) and consider the Courant algebroid 

(A* © A, ^.). 
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Definition 2.28. Two complementary forms of ir, u> and uj', are said to be com- 
patible if uj + uj' is a complementary form of tt. 

Proposition 2.29. Two complementary forms of it, uj and ui' , are compatible if 
and only ifJ\f^(J u , J W ') = 0. 

Proof. From Proposition 2.18, the complementary forms uj and ui' are compatible 
if and only if 

(27) T^J U+U > = r^(J u + J U ') = o. 

Since 7^ X (J W + J U ') = %„J U + T^J^' + (J u , J u >) and T^J U = %, V J U > = 0, 

(27) is equivalent to Af^ (J u , J u >) = 0. □ 

3. Hierarchies of structures defined by pairs of tensors on Lie 

algebroids 

3.1. Structures on deformed Lie algebroids. We start by proving that if a 
pair of tensors defines a certain structure on a Lie algebroid, this pair defines the 
same structure for a whole hierarchy of deformed Lie algebroids. 

It is well known that if TV is a Nijenhuis tensor on a Lie algebroid (A, /i) then 
(A, /xjv) is also a Lie algebroid. When the Lie algebroid structure fi is successively 
deformed by the same (1, l)-tensor TV, we use the following notation: 

(28) Li N[k] = Atjv,*.,JV' for k - 1 ' and i"at[°1 = I 1 - 

Lemma 3.1 ([10]). Let TV be a Nijenhuis tensor on a Lie algebroid (A, fx). Then, 
for all n, fc e No, 

(i) the (1, Vj-tensor TV™ is Nijenhuis with respect to fx N k; 
(ii) the Lie algebroid structures fx N k and fx N [k] on A coincide. 

Before proceeding, we make a simple observation: if w is a 2-form and To, Ti, • • • , Tk, 
k 6 No, are (1, l)-tensors on a Lie algebroid, then 

(29) (((cj To ) Tl )...) T& = WT oT,o...oT i . 

A direct computation gives the following: 

Lemma 3.2. Let uj and TV be, respectively, a 2-form and a (1, l)-tensor on (A, fi) 
such thatiJ'oN = TV* oJ> . Then, (uj Nn foN m = (TV m )* o(uj Nn ) b , for allm,ne N . 

As a consequence of the Lemma above, (ujN n )N m = uj^n+m is a 2-form and 

(30) uj N „ +m = l{N m ,u> N n}, 
for all m,n G No- 

Proposition 3.3. Let (uj,N) be an QTV structure on a Lie algebroid (A,fx). Then, 
the 2-form wjv« is closed on the Lie algebroid (A, fx N m), for all n,k £ No- 

Proof. Let (uj, TV) be an S1TV structure on (A, fx). First, we prove the statement for 
k = 0, i.e., the 2-form wjv™ is closed with respect to fx, for all n gNq. This is done 
by induction on n. 

By hypothesis, the 2-forms uj and ujn are closed with respect to \i. Let us suppose 
that, for some r € No, the 2-forms ui^r-i and ui^r are closed with respect to fx. 
Then, using (30) and the Jacobi identity, we have 

= {fX, LU N r} = ~{fX, {TV, Ujfr-l}} = \ ({{fX, TV}, Ujfr-l) + {TV, {fX, Wj^r-l}}) 
= —{{N^hUtfr-l}. 
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Applying {N, .} to the last equation, using (30) and the induction hypothesis, we 
get 

= {N,{{N,n},w N r-i}} 
= {{N,{N,n}},u lf r-i} + {{N,n},{N,u) N r- 1 }} 
= {{N 2 , n},w N r-i} + 2 {N, {ft, uj N r}} + 2 {{N, ui N r}, fi} 

= {N 2 , {(1, LJ N r-l}} + {{N 2 , Wjyr-l}, m} + 4 {u N r+l , fl} 

= 2 {u N r+i , /j} + 4 {w N r-+i , n} 
= -6d^(uj Nr +i), 

where we used, in the third equality, {N, {N, /i}} = {iV 2 ,/i}. By induction, we 
conclude that d M (wjyi) = 0, for all n £ No- 

Now, we prove the general statement, i.e., the 2-form ujn™ is closed with respect 
to fi N [k] , for all n,k £ No- This is done by induction on k. 

For k = 0, the statement is proved, in the first part of the proof, for all n £ No- 
Let us suppose that, for some s 6 No and for all n £ No, the 2-form wjv™ is closed 
with respect to /xjy[ s ] ■ Applying the Jacobi identity, we have 

d ^jvi»+i] ( WAr ") = {{N,n N[a] },uj Nn } = {N,{n Nl ,],u Nn }} + {{N,u Nn },n Nl ,]} 
= 2{w i v»+i,Mivw} = °) 

where we used twice the induction hypothesis. Therefore, for all ngNo, the 2-form 
lun" is closed with respect to /j> N [s+i] and this completes the proof of the general 
statement. □ 

Theorem 3.4. Let it, u> and N be, respectively, a bivector, a 2-form and a (1,1)- 
tensor on a vector bundle A, and set T = tt# o uj^ . 

(i) The pair (jr,N) is a PN structure on the Lie algebroid {A, fi) if and only 

if it is a PN structure on the Lie algebroid (A, fi N ik\), for all fc £ No. 
(ii) The pair (oj, N) is an ttN structure on the Lie algebroid (A, fj,) if and only 

if it is an QN structure on the Lie algebroid (A, fi N [ k ]), for all k £ No- 
(Hi) The pair (tt,uj) is a PQ structure on the Lie algebroid (A, fi) if and only if 

it is a PVl structure on the Lie algebroid [A,/i T [k]), for all k £ No- 
(iv) The 2-form uj is a closed complementary form of tt on the Lie algebroid 

(A, n) if and only if it is a closed complementary form of it on the Lie 

algebroid {A, jU-rw), for all k £ No- 

Proof. For each of the equivalences above, we only prove one implication since the 
other is obvious. 

(i) If the pair (ir,N) is a PN structure on the Lie algebroid (A,/j,), we know 
(see [10]) that (n, N) is still a PN structure on the Lie algebroid (A, fJ. N [k\), 
for all k £ No. 

(ii) Consider (ui,N) an UN structure on the Lie algebroid (A, fx). The (1,1)- 
tensor N, which is Nijenhuis with respect to fj,, is still Nijenhuis with respect 
to finite] (Lemma 3.1). Moreover, from Proposition 3.3, both 2-forms uj and 
ujn are closed with respect to [j, N ik],Vk £ No- Therefore (u>,N) is an f2iV 
structure on the Lie algebroid (A, (J, N [k]), for all k £ No- 

(iii) Consider (%, oS) a Ptt structure on the Lie algebroid (A,fi). Then, from 
Proposition 2.27(i), (tt, T) is a Poisson Nijenhuis structure on (A, fj,), so 
that 7r is Poisson with respect to fi T [k] ([10]). Using Proposition 2.27(h), 
the pair (w,T) is an flN structure on (A, fi) and, from Proposition 3.3, 
both 2-forms ui and lot are closed with respect to [i T { k \ . Therefore (tt, uj) is 
a PJ7 structure on the Lie algebroid (A, /i T [kj), for all k £ Nq. 
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(iv) Follows directly from Proposition 2.27(iii) and the equivalence (iii) above. 

□ 

3.2. Hierarchies of PQ structures, QN structures and complementary 
forms. Hierarchies of Poisson-Nijenhuis structures on Lie algebroids were studied 
in [10]. In this section, we show that hierarchies of PQ structures, QN structures 
and complementary forms can also be constructed on Lie algebroids. Although hi- 
erarchies of Hitchin pairs can also be defined, we will not discuss this case because 
the assumptions are too restrictive. 

The next theorem gives a hierarchy of PQ structures on Lie algebroids. 

Theorem 3.5. Let (A, /j,) be a Lie algebroid, tt a Poisson bivector and u> a 2-form 
such that (tt,oj) is a PQ structure on (A,/i). Set N = tt# ouj 9 . Then, ( t N n ir, uij^m ) 
is a PQ structure on the Lie algebroid (A, fi N [k]), for all m,n,k £ No- 

Proof. Let (tt, u>) be a PQ structure on (A, /i). Then, by Theorem 3.4 (iii), (tt, w) is a 
PQ structure on (A, fi N [k]), for all k £ No- From Proposition 2.27 (ii), we know that 
(oj,N) is an QN structure on (A, fi N ik] ) and, by Proposition 3.3, (^N m ) = 0, 

for all to, k £ N . 

We also have, from Proposition 2.27 (i), that (tt, N) is a Poisson-Nijenhuis struc- 
ture on (A, /Xjv(fcj). Thus, it is well known that N n Tt is a Poisson bivector on 
(A, [ipj[k]), for all n, fc £ No [10]. Moreover, 

(7V™7T) # O (Uffmf = N n OTT*OUJ b O N™ = 7V»+ m + 1 , 

and, from (29), (ojjfm) N „+ m +i = oj^m+n+i. The Proposition 3.3 ensures that 
uj N 2, n + n +i is [i N {k] -closed. Thus, (N n ir, cjjvm) is a PQ structure on (A, ^j, N [k]), for 
all m, n, k £ N . □ 

In the next theorem we construct a hierarchy of QN structures. 

Theorem 3.6. Let (A, /i) be a Lie algebroid, u> a 2-form and N a (1, l)-tensor such 
that (uj,N) is an QN structure on (A,fi). Then, {uiN n , N m ) is an QN structure on 
the Lie algebroid (A, fi N [k]), for all m,n,k £ No- 

Proof. Let (w, N) be an QN structure on (A, n). From Lemma 3.2, we have (N rn )*o 
(u N nf = (uj N n) b o N m , for all to, n £ N . From Theorem 3.4 (ii), (w, N) is an QN 
structure on (A,fi N [k]), for all k £ No- The (1, l)-tensor N being Nijcnhuis on 
(A, /j, N [k] ), N m is also Nijenhuis on (A, n N [k] ), for all to, k £ No (see Lemma 3.1). 
Moreover, by applying Proposition 3.3 and (29), the proof is complete. □ 

Remark 3.7. We can obtain a hierarchy of QN structures on (A,fi N ik\) combining 
Theorem 3.5 and Proposition 2.27. However, the hierarchy constructed in this 
manner is less general than the one given by Theorem 3.6, not only because the 
(1, l)-tcnsor N comes from an initial given PQ structure on (A, /i), but also because 
the procedure consists in associating to each PQ structure (N n ir,uj]ym), the QN 
structure (u>n™, N m+n+1 ). Since m + n + 1 > to, for all to, n £ No, the hierarchy 
of QN structures obtained in this way does not contain terms of type (u)N m , N r ), 
with r < to. 

The next theorem gives a hierarchy of closed complementary forms and follows 
directly from Proposition 2.27 (iii) and Theorem 3.5. 

Theorem 3.8. Let (A, n) be a Lie algebroid, tt a Poisson bivector and u> a closed 
2-form on (A, ^i) which is a complementary form of tt. Set N = tt# o ur . Then, 
(wArn)„ e N * s a hierarchy of closed complementary forms of N m TT on the Lie alge- 
broid (A,[i N ik]), for all m,k £ No- 
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The next result follows from Proposition 2.27 and Theorem 3.6. 

Proposition 3.9. Let (A, fj,) be a Lie algebroid, tt, tt' bivectors and uj, u' 2-forms 
on A such that 7r* o (uj') t ' = o us" and the pairs (i:,uj), (77,01'), and 

(tt',uj') are Pfl structures on (A,[i). Set N = n# o w k , N = tt# o (a/) 1, and 
N' = (7r') # o(w') b - Then, the pairs {uj^,I m ) and (a/j», L m ), with I e {N, N' , N} , 
are QN structures on (A, ), for all n, m, k G No- 

3.3. Compatibility and hierarchies. Now, we shall see that there exists a com- 
patibility relation between the elements of each hierarchy constructed in the previ- 
ous section. Let (tt,N) be a Poisson-Nijenhuis structure on a Lie algebroid (A, /x). 
Then, it is known [10] that, for every k,n £ No, the pair (N k ir,N n ) is a Poisson- 
Nijenhuis structure on (A,n). In the next proposition, we show that any two pairs 
of this type are compatible Poisson-Nijenhuis structures, in the sense of Definition 
2.19. 

Proposition 3.10. Let (ir,N) be a Poisson-Nijenhuis structure on a Lie algebroid 
(A,/j). Then, (N k ir,N n ) and (N l ir,N m ) are compatible Pois son-Nijenhuis struc- 
tures on (A, jLtjyir] ), for all k, I, m, n, r £ No- 

Proof. We start proving the result for r = 1. From [10] we know that the Poisson 
bivectors N k it and N 1 tt are compatible, which is equivalent to saying that N k ir + 
N l n is a Poisson bivcctor. Also, it is obvious that (N n + N m )(N k ir + N 1 tt)# = 
(N k ir + N l ix)*(N n + N rn )*. 

In [3] we proved that, if TV is a Nijenhuis tensor, then [X, Y\M n ,N m = [X, Y]^n oNm , 
for all X,Y £ T(A). Thus, from (8), we get J\f fl (N n 1 N rn ) = and, using (11), we 
have that N n + N m is a Nijenhuis tensor. 

Finally, since C^N'tt, N j ) = 0, for every i,j £ N , and C ll (N k ir + N l ir,N n + 
N m ) is a sum of terms of type C^N'ir, W), we obtain C^(N k TT + N l n, N n + N m ) = 
0, which concludes the proof for r = 1. 

Now, from Theorem 3.4 (i), if (ir,N) is a PN structure on (A, /z) then it is a 
PN structure on (A, [i N [ r ]). Thus, the above proof can be repeated using the Lie 
algebroid structure /i^M instead of fi. □ 

Starting with an CIN structure (uj, N) on a Lie algebroid (A, fi), we constructed, 
in Theorem 3.6, a family of OiV structures on (A, fi). Next, we prove that any two 
elements of that family are pairwise compatible. 

Proposition 3.11. Let (u),N) be an CIN structure on a Lie algebroid (A,/j,). 
Then, (ujj^k, N n ) and (uj n i , N m ) are compatible Q,N structures on (A,fj, N [r\), for 
all k, I, m,n,r <E No- 
Proof. As in the proof of Proposition 3.10, we prove the statement for r = 1 and 
then the result follows from Theorem 3.4 (ii). The 2-form ui N k + lj n i is obviously 
closed. The equality (oj N k + uj Nl ) b o (N n + N m ) = (N n + N m )* o (uj N k + uj^f 
holds (Lemma 3.2) and N n + N m is Nijenhuis (see the proof of Proposition 3.10). 
It remains to prove that the 2-form (u N k + uj N i)^ Nn+Nm - ) is closed. From Propo- 
sition 3.3, we know that any 2-form of type Wjv«, i £ No, is closed. Since (ujjyk + 
lo n i )(N"+N m ) can be- decomposed into a sum of terms of type uj^i, we obtain that 
(u} N k + uj N i)^ Nn+Nm -j is closed. □ 

For PQ structures we may establish a similar result. 

Proposition 3.12. Let (tt,uj) be a PQ structure on a Lie algebroid (A,fj,). Set 
N = tt# oar. Then, (N n n,ujjym) and (N l ir,ujNk) are compatible Pfi structures on 
(A,[i N [ r ]), for all k,l,m,n,r £ Nq. 
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Proof. As in the proof of Propositions 3.10 and 3.11, we prove the statement for 
r = 1 and then the result follows from Theorem 3.4 (hi). From Proposition 2.27 
(i), we know that if (tt,lo) is a PCI structure, then (n,N) is a PN structure. The 
Proposition 3.10 yields that 7V™7r + N l n is a Poisson bivector. 

The 2-form wjvm +us N k is obviously closed. Combining Proposition 2.27 (ii) and 
Proposition 3.3, we have that each 2-form of type Wjyi, i £ No, is closed. Since 
(wAfm +^N k )(N n TT+N l Tr)*(uj Nm +uj k ) can be decomposed into a sum of terms of type 
tujyi, we obtain that (wat™ + u> N k )(N n Tr+N l Tr)*(u) Nm +uj Nk ) is closed and the proof is 
complete. □ 

The next proposition shows that the elements of the hierarchy established in 
Theorem 3.8 are pairwise compatible. 

Proposition 3.13. Let (A,fi) be a Lie algebroid, tt a Poisson bivector and uj be 
a closed complementary form of n. Set N = ir# o u> . Then, Wjy™ and wjv™ are 
compatible closed complementary forms of N k ir, for all n, m, k € No- 

Proof. According to Proposition 2.29, we have to prove that .A/^ k (Ju N n , Jw N m ) = 
or, equivalently, {ujn™, {N k n 1 [i}}} = 0. 

From Proposition 2.27 (ii), the pair (w, N) is an H.N structure. Applying Propo- 
sition 3.3 and the Jacobi identity, we get 

{u N n, {u) Nm ,{N k ir,iJ,}}} = {uN*,{{u>irm,N k ir},tt}} 

= {u JNn ,{N k+m + 1 lf i}} = 0, 
which completes the proof. □ 
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